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The objectives of AC power/energy measurements and metering are somewhat different

in grid-supplied systems and in renewable energy (RE) systems. In grid-supplied systems

the obvious objective is billing, power quality for grid stability (phasor measurement

units, etc), and use monitoring (power factor, reactive power, etc). In RE systems the

main objectives are mainly energy production and use tracking and technical issues, such

as:

• Amount of energy produced (instantaneous, cumulative, history logging).

• Power/rate at which the energy is delivered (instantaneous, history logging).

• True RMS measurements on voltage and current waveforms that may or may not be

pure sine wave (PSW).

• Reactive power flowing back to the inverter(s), and what kind (capacitive or

inductive), and the power factor (PF) for different loads (linear or nonlinear).

• Detection of the presence of harmonics, as a result of modified sine wave (MSW)

source or nonlinear loads.

• Energy contained in the fundamental and harmonics, and harmonic distortion.

• The effective usable energy supplied by a MSW inverter.

The general idea for measuring and calculating the AC power and energy is to sample the

voltage and current waveforms produced by the RE system’s DC-AC inverter, and then

use a computer to perform the power/energy/etc calculations desired by the user. For

example, various forms of AC power are a product of some forms of AC voltage and AC

current, and then the energy is the time integral of power.

The measurement accuracy probably does not have to be as high as in meters used for

billing, but the measurement error should be within several percent under all possible

conditions, and verifiable via some form of calibration.

A digital form of a meter (containing sensors, samplers, filters, digital computer, etc) is

needed to accomplish this, as the older electromechanical meters work in the analog

domain and do not perform digital data processing, and they are not easily linked to

computers. Also, note that one of the main differences between these older (say pre-

2000) rotating-disk electromechanical meters and the newer digital “smart” meters
1
 is

that the older meters use induced eddy currents to drive the disk which in turn drives a

mechanical kWh counter, and the newer meters have sensors that measure currents and

voltages directly, digitally calculate the W’s and kWh’s used, and display them on a

numeric (liquid crystal) display.

Note that many commercial inverters include ways of displaying the AC power they

produce, but these data are frequently not very accurate, are not easily verifiable for
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 Like the ones now commonly used by the electricity distribution companies for power and energy

measurements.
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accuracy, calibration may not be possible, and they may not transfer data to a computer

for processing and logging, especially on lower-quality inverters. Also, on higher-quality

inverters, additional inverter control/display units may be needed to get these data out, at

additional cost.

So, it would be nice for a RE system owner to have an independent and programmable

device that collects the measurements on the AC waveforms produced by the inverters

powering different loads, and provides the owner with the desired system performance

data.

Several US and international standards exist that specify how the AC power is to be

measured, and define power quantity indexes (for example the IEEE Std. 1459). In this

writeup I try to calculate some useful power indexes starting with the basic physical

principles, and hopefully finish in agreement with these published standards.

Depending on the requirements, several different levels of sophistication may be

designed into these digital power meters, and each may require different AC waveform

sampling and signal processing. They mostly however begin with the fundamental

sensing operation: synchronous sampling of the AC voltage and current waveforms,

and the calculation of the instantaneous AC power. Some of these system

configurations and measurement issues are shown below in the following sections and

appendixes.
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I. Power Measurement System

Desired real-time measurements: apparent/complex power (VA), active/real power (W),

reactive/imaginary power (VAR), power factor (PF) (unit-less).

In this system, the first thing is to synchronously
2
 sample the AC voltage and current

waveforms at the point the inverter’s output is connected to the AC distribution panel.

The voltage sensors (voltage divider, etc) and the current sensors (shunt, current

transformer, Rogowski coil di/dt sensor, etc) make these waveforms available to the

samplers, most commonly analog-to-digital converters (ADCs). Any analog signal

conditioning between the sensor and the sampler may also need to be included, per

device specifications. Also, an integrator in the current sense channel is needed if a di/dt

sensor is used.

These sensors generally produce imperfect representations of these waveforms corrupted

by various sensor’s “measurement noise”. However, for this system I neglect this noise

and assume that these waveform representations are perfect (error-free).

                                                          
2
 Simultaneously, and synchronized with a common sampling clock.



3

The decisions to make at this point are:

• How fast to sample the waveforms?

• With what resolution to sample?

Regarding the sampling rate, if one wants to consider all frequencies potentially present

on the AC line up to say the 50
th

 harmonic (60 Hz * 50 = 3000 Hz), then the Nyquist

sampling theorem requires the sampling rate of at least 2 * 3000 Hz = 6000 Hz

(samples/sec). This way all frequencies up to the 50
th

 harmonic can be reconstructed

without ambiguity from the digital samples, in case the meter needs to perform harmonic

power calculations.

Additionally, analog anti-aliasing filters placed between the voltage and current sensors

and their ADCs are needed to reject any frequencies above the 50
th

 harmonic (in case

these frequencies are present in the sensors’ outputs with sufficient energy to distort the

digital samples through aliasing). Note that the sampler’s analog input bandwidth must be

sufficient to allow the desired number of harmonics to enter the sampler, for example at

least 3 kHz in this case. And, if we want to consider frequencies above the 50
th

 harmonic,

then the sampling rate and the ADC’s analog input bandwidth need to be increased

accordingly, and the cutoff frequency of the anti-aliasing filters also needs to be

increased.

Also, even though we assume we are not dealing with the harmonics at this point (just

with the 60 Hz fundamental, and no power in any of the harmonics), we want to set up

the bandwidth of our computational system to be able to handle these 50 harmonic

frequencies (see later for the system that also measures harmonic power). But for now we

assume that this system takes its measurements on a PSW source powering linear loads.

So, at the 6000 Hz sampling rate, each AC line period T = 1/60 sec is sampled 100 times,

with each sample corresponding to the 3.6 deg of rotation of the voltage/current phasor,

or 7.2 deg of rotation of the power phasor (see later for the equations defining the power

waveform).

Regarding the sampling resolution, many digital power meters use 16-bit ADCs. This

gives the dynamic range of the sampled signals
3
 of 2^16 = 65536 (48 dB) for computer

calculations.

So, for this measurement system let’s assume we are dealing with undistorted sinusoidal

waveforms on the AC line, where the current is shifted in phase with respect to voltage

by a linear reactive load (capacitive or inductive). Then the instantaneous voltage and

current waveforms of line frequency ω = 2*π*f (f = 60 Hz) that we synchronously sample

with our sensors are:

( ) ( )tVtv p ⋅⋅= ωsin  and ( ) ( )θω −⋅⋅= tIti p sin

Note that the voltage and current waveforms both have their own peak amplitudes Vp and

Ip (maximum values above and below the zero-reference), and that the current is phase-

shifted with respect to voltage by the phase angle θ. Assume for now that θ is between –
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 The ratio of the highest signal amplitude to the lowest signal amplitude that can be uniquely represented

by the ADC.
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90 deg and +90 deg, or even a smaller range about 0 deg, which is the case for typical

reactive loads and PF adjustments.

Once the synchronous digital samples of voltage and current are obtained, they are

immediately multiplied together in the computer to form the instantaneous power

waveform samples, the multiplication being performed at the voltage/current sampling

rate. We know from analysis that this instantaneous power waveform is:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]tt
IV

titvtp
pp ⋅⋅⋅−⋅⋅⋅−⋅⋅=⋅= ωθωθθ 2sinsin2coscoscos
22

Note that first term in [] is a zero-frequency DC term, and the second and third terms are

AC terms with frequency twice the line frequency (120 Hz). So, if we can pass this

instantaneous power waveform (samples) through a digital low-pass filter (LPF) with a

cutoff frequency equal to the line frequency (60 Hz), then we’ll get just the

approximately-constant DC term at the output of this filter, as follows:

( )θcos
22
⋅⋅ pp IV

This DC term is the average value of the active power waveform (the average power),

see below. Note that the active power waveform itself is sinusoidal at twice the line

frequency, as is the reactive power waveform. The difference is that the active power

waveform is always non-negative, and has a non-negative average value ranging between

0 and 
22

pp IV
⋅  (depending on θ), and the reactive power waveform is equally positive

and negative, and its average value is always zero. Also, the separation in phase between

the active and reactive power waveforms is either +90 deg or –90 deg, depending on

whether the current phasor is leading or lagging the voltage phasor. All this can be seen

from another form of the instantaneous power waveform, in which the first term is the

active power and the second term is the reactive power:

( ) ( ) ( )[ ] ( ) ( )t
IV

t
IV

tp
pppp ⋅⋅⋅⋅⋅−⋅⋅−⋅⋅⋅= ωθωθ 2sinsin
22

2cos1cos
22

The equation above shows that ( )θcos
22
⋅⋅ pp IV

 is the average value of the active power

waveform (and also the average value of the instantaneous/total power waveform), and

that ( )θsin
22
⋅⋅ pp IV

 is the peak value of the reactive power waveform (the minus sign

indicates a 180 deg phase reversal of the reactive power waveform).

And, when we measure the active power, it is enough to measure its average value (we

already know it is a sine wave at twice the line frequency, always non-negative). And,

when we measure the reactive power, it is enough to measure its peak value (we already

know it is a sine wave at twice the line frequency, equally positive and negative). So, by
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knowing ( )θcos
22
⋅⋅ pp IV

 and ( )θsin
22
⋅⋅ pp IV

, we know everything about the active and

reactive power waveforms at any given time (disregarding the phase relationship between

the active and reactive power phasors for now).

We have already measured the average value of the active power (LPF’s output, updated

at the sampling rate). So, if we knew Vp and Ip, then we could calculate by division the

term cos(θ), also known as the PF. Then, if cos(θ) is known, θ can be obtained from a

lookup table (1
st
 and 4

th
 quadrant only). And, sin(θ) can also be looked up in the table

allowing us to calculate the peak value of the reactive power.

Note that the peak value of the reactive power may also be calculated from the power

triangle, once the active power and apparent power are known (see below for how to

calculate apparent power). It also may be calculated by phase-shifting one of the sampled

waveforms (voltage or current) by 90 deg (in our case 25 samples for 60 Hz

fundamental), and re-multiplying by the other one, followed by a LPF, as before.

Given that we sample at relatively high rate (6000 Hz) the low-frequency (60 Hz)

sinusoidal voltage and current waveforms, it should not be difficult to detect their peak

values in real time via algorithms operating on a time series of voltage and current

samples, one detecting Vp and the other one Ip. Averaging to improve accuracy may also

be performed over a number of line periods, as long as it does not introduce too much

delay into the calculated values. Once Vp and Ip are detected, the root-mean-square

(RMS) values of the voltage and current waveforms may be calculated and displayed in

real-time. The calculation of these RMS values is of substantial importance when

analyzing AC systems, and some insight into it is given in Appendix A.

The last power index to calculate is the apparent/complex power. It is calculated at the

sampling rate as a product of the RMS voltage Vrms and RMS current Irms. It is the

maximum power that can be delivered to a load (as if θ = 0 and cos(θ) = 1). Note that for

the sinusoidal waveforms assumed here, the RMS values are defined as the peak values

divided by 2 , as shown in the formulas above. Additionally, the apparent power may

be calculated directly by dividing the average value of active power (LPF output) by the

PF (cos(θ)), this calculation also performed at the sampling rate.

At this point we already have the desired power indexes for this system, in the sequence

they were measured and/or calculated: Vp, Ip, Vrms, Irms, average value of active power,

PF, leading or lagging angle θ, peak value of reactive power, apparent power. Now, what

remains is to build an appropriate sensing, sampling, and computing system to implement

this AC power meter algorithm in real time.

II. Power and Energy Measurement System

Desired real-time measurements: everything that the previous system measures, plus the

cumulative energy delivered to the load over a certain time period (in Joules or kWh). We

use the average value of the active power ( )θcos
22
⋅⋅ pp IV

, calculated previously, to

calculate this cumulative energy. Note that the reactive power, while it exists in the
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inverter-to-load circuit, does not contribute anything to this cumulative energy delivered

to the load.

The relation between power and energy is that power is the time rate at which energy is

delivered to the load, or the time derivative of energy. Equivalently, energy delivered to

the load over a certain time period is the integral of power over that time period.

Let’s say we want to track the energy delivered by the inverter to the load in increments

of one AC line period T (about 16.7 msec), and then accumulate these increments over

any amount of time that is an integer multiple of T. To do so analytically (not as a

function within the meter), we first integrate over one line period T the instantaneous

power equation shown in the previous section. This integration results in the two AC

terms (the ones with twice the line frequency) producing zero net transferred energy

contribution. The only non-zero net transferred energy contribution over time T comes

from the DC term that is the average value of the active power, as follows:

( ) T
IV

E
pp

T ⋅⋅⋅= θcos
22

Note that this energy delivered to load during one line period T is the average value of

active power times the period T. We get the average value of active power from the

output of the LPF, at the rate of 100 samples per T (there are 100 samples per T when we

sample at 6 kHz). Then, for every 100 of these samples we can calculate the energy

delivered during this T using the equation above. It would probably make sense to use a

100-sample average of the average value of active power in this calculation. Or, we could

sum the energy increments at the sampling rate, and accumulate enough of them to

calculate the energy delivered during the whole T. Finally, we’d sum the incremental

energies delivered during each T to get the total energy delivered to the load during the

time period of interest (for example, sum 60 increments to get the energy delivered in 1

second, sum 3600 increments to get the energy delivered in 1 minute, sum 216000

increments to get the energy delivered in 1 hour, and so on).

III. Harmonic Power Measurement System

Desired real-time measurements: everything that the previous systems measure, plus the

power and energy contained in the harmonics present on the AC line, and the harmonic

distortion index. Note that here, unlike in the Power Measurement System above, we

assume the existence of voltage and current harmonic, up to a certain order (see later).

The need to measure harmonic power in RE systems exists because: (1) some systems are

powered by MSW inverters that generate voltage/current harmonics at the power source,

(2) some loads are nonlinear in that they distort the sinusoidal voltage/current waveforms

and thus inject harmonics into the AC line, and (3) a RE system may include combined

effects of 1 and 2.

This measurement system goes beyond what the typical harmonic power meters do,

which is to measure the total active power (fundamental plus harmonic to certain order)

delivered to the customer, for billing. The system here measures which individual

harmonics contain what power, active and reactive (voltage and current of same

frequency), and it measures reactive power contained in the cross-products (voltage and
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current of different frequencies). The reactive power measurements are important to

understanding the total amount of power (active plus reactive) that cycles in the AC

distribution lines of a RE system, and its impact on the AC source and load devices

(inverters, electric motor drives, etc).

One prerequisite issue that has impact on the need to measure harmonic power is the

usability of power produced by the MSW inverters, as these inverters power various

appliances. A related measurement issue is how the manufacturers specify the power

rating of their MSW inverters. This is addressed in Appendix B.

Below, I develop harmonic power measurement methods starting with the simplest case

of linear resistive load and progressing to more complicated cases of linear reactive and

nonlinear loads, all for the MSW source producing many voltage/current harmonics.

1. MSW Source and Linear Resistive Load

The simplest harmonic power measurement case is probably a MSW inverter (a

rectangular-wave voltage source, producing many harmonics) powering a resistive load

with resistance R. Since the load is resistive (it does not introduce a phase shift between

voltage and current), the voltage and current waveforms are approximately the same

shape and are in phase, with the current being the voltage scaled by 1/R. This case results

in two rectangular MSW waveforms (one for voltage and the other one for current), in

phase, each waveform containing the fundamental frequency component at 60 Hz plus

other higher-order harmonics.

Even though this is a simple case, it still allows one to take measurements of harmonic

power. Let’s say we are interested in considering all harmonics with the energy at or

above roughly 10% of the energy in the fundamental. Taking as an example the MSW

voltage waveform shown in the “MSW Harmonic Analysis” writeup on this website for

my MSW inverter (Vpeak = 140 V, D = 0.75 case), we need to consider the 1
st
 (60 Hz),

3
rd

 (180 Hz), 5
th

 (300 Hz), 7
th 

(420 Hz), and 9
th

 (540 Hz) harmonics (5 harmonics in total,

including the fundamental) in both the voltage and current waveforms for power

calculations.

So, in calculating instantaneous power, there are 5 * 5 = 25 separate products of voltage

and current. 5 of these products involve harmonics of the same frequencies, and 20 cross-

products involve harmonics of different frequencies. As explained in the “Energy and

Power Analysis“ writeup on this website, these 5 products generally generate complex

(active plus reactive) power components, and these 20 cross-products always generate

reactive power components only. These products and cross-products are analyzed

separately below.

Five Products (V/I Harmonics of the Same Frequencies)

The 5 harmonic products that result in 5 complex instantaneous power components are:

• 1
st
 harmonic (fundamental) 60 Hz voltage and current; result in a power component at

120 Hz.

• 3
rd

 harmonic 180 Hz voltage and current; result in a power component at 360 Hz.

• 5
th

 harmonic 300 Hz voltage and current; result in a power component at 600 Hz.
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• 7
th

 harmonic 420 Hz voltage and current; result in a power component at 840 Hz.

• 9
th

 harmonic 540 Hz voltage and current; result in a power component at 1080 Hz.

For this example of resistive load, the voltage and current waveforms are in phase

(relative to each other) for each of these 5 harmonics. So, for this example of resistive

load these 5 harmonic power components are strictly active (no reactive power at all).

Note however that the 5 harmonic voltage waveforms are generally not in phase (relative

to the fundamental and to each other), and the same for the 5 harmonic current

waveforms.

Now, the question is: How do we separate these 5 harmonic power components from

each other, so that we can take these 5 individual harmonic power measurements?

The first thing to note is that the 5 power components have been generated by the 5

voltage/current harmonics. The phase spectrum of the Fourier Series (FS) coefficients for

this MSW voltage (and current) waveform shows in general that these 5 voltage

harmonics differ in phase from each other. Therefore, these 5 power components will

also in general differ in phase from each other, and so any instantaneous power

comparisons or additions must be done in the complex plane using phasor operations.

However, if we could somehow separate the zero-frequency DC parts of these 5 power

phasors from their AC parts, then the operations on these DC parts are scalar on the real

axis. These DC parts are the average powers of these 5 power components.

To do this, we start as before by calculating the instantaneous power samples (by

multiplying the instantaneous MSW voltage and current waveform samples), at the

voltage/current sampling rate. Then, if we pass these power samples through the same 60

Hz digital LPF as before, then we get the sum of the average values of these 5 harmonic

power components at the output of the filter. This is because these 5 average values are

DC (0 Hz) terms, and they are all passed by the LPF. The other terms in the instantaneous

power expression are AC terms at frequencies 120 Hz and higher, and they are practically

eliminated by the LPF. So, this 60 Hz LPF allows us to separate the DC parts of these

5 power phasors from their AC parts, and allows us to replace complex phasor

operations with real scalar operations. The LPF’s output is as follows.

2222222222

9977553311 pppppppppp

out

IVIVIVIVIV
LPF ⋅+⋅+⋅+⋅+⋅=

Now, we know beforehand the shape of the voltage (and current) waveform in this MSW

inverter system. So, we can go to the graph (or the computer program that produced this

graph) showing the relative magnitudes of the FS coefficients of this voltage waveform

(see the “MSW Harmonic Analysis” writeup on this website), and get the normalized

relative amplitudes of these 5 voltage (and current) harmonics, as follows.

• Normalized amplitude of the 1
st
 harmonic (fundamental) = 1

• Normalized amplitude of the 3
rd

 harmonic = 0.13 (about 13% of fundamental).

• Normalized amplitude of the 5
th

 harmonic = 0.09 (about 9% of fundamental).

• Normalized amplitude of the 7
th

 harmonic = 0.13 (about 13% of fundamental).
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• Normalized amplitude of the 9
th

 harmonic = 0.11 (about 11% of fundamental).

Note that for this example of resistive load, the same relative harmonic amplitude scaling

applies to the current waveform as to the voltage waveform (even though the actual

current waveform is different from the voltage waveform – it is voltage times 1/R).

So, once we have the relative scaling of these 5 voltage and current harmonics for this

MSW waveform, the relative scaling of the harmonic power components produced by

these waveforms is the square of the voltage/current scaling, as follows.

• 1
st
 harmonic (fundamental) power component: 1

• 3
rd

 harmonic power component: 0.017

• 5
th

 harmonic power component: 0.008

• 7
th

 harmonic power component: 0.017

• 9
th

 harmonic power component: 0.012

Note that we could have obtained the same relative power component scaling by creating

the periodic instantaneous power waveform analytically, doing a FS expansion of it, and

looking at the relative magnitude spectra of its FS coefficients. I have gone the longer

roundabout way because I have already calculated the FS expansion of the MSW voltage

waveform, and not the power waveform.

This harmonic power component scaling applies to the DC terms/the average powers of

the power harmonics obtained at the output of the digital LPF. So, all that remains now is

to divide the output of this LPF in proportion to this harmonic scaling sequence, to obtain

the average powers of all 5 harmonic power components. This is also done at the

voltage/current sampling rate, as follows.

Let’s say the output of the LPF at some filter update instant is some number X. Then, the

average power contained in each of the 5 harmonic components is:

• AP1 = X / 1.054, where 1.054 = 1 + 0.017 + 0.008 + 0.017 + 0.012

• AP3 = 0.017 * AP1

• AP5 = 0.008 * AP1

• AP7 = 0.017 * AP1

• AP9 = 0.012 * AP1

The above calculations give us the average powers for the 5 individual harmonic power

components, for this example of resistive load (active power present only), at the

voltage/current sampling rate. Note that all 5 harmonic power components are active

power. Note that we don’t need to know R to perform these harmonic power

measurements, so this method works for any and all resistive loads R. Also note that all

this is done off-line and pre-computed, so that all these numbers can be used in real-time

in our harmonic power measurement system once X becomes available at the LPF’s

update rate.
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Finally, suppose one wants to calculate the average power contained in the higher-order

harmonics only (for Total Harmonic Distortion analysis). This involves the addition of 4

individual power components in this example (3
rd

, 5
th

, 7
th

, and 9
th

 harmonics). This can be

done in real domain (we are dealing with the DC terms only), and it can be done at the

voltage/current sampling rate as follows:

AP3579 = X – AP1

Twenty Cross-Products (V/I Harmonics of Different Frequencies)

…

2. MSW Source and Linear Reactive Load

The next step is to replace the linear resistive load with the linear reactive load, and see if

this changes the previously-developed harmonic power measurement method. The linear

reactive load means that a phase shift is introduced between the voltage and current

waveforms, for each harmonic frequency. This phase shift depends on the nature of the

reactive load, inductive loads shift the current waveform lagging behind the voltage

waveform, and capacitive loads shift the current waveform leading ahead of the voltage

waveform. This phase shift is typically in the -90 deg to +90 deg range.

Five Products (V/I Harmonics of the Same Frequencies)

For this example of reactive load, the voltage and current waveforms are shifted in phase

(relative to each other) for each of these 5 harmonics. So, in this example these 5 power

components are complex (containing active plus reactive power). Also as before, the 5

harmonic voltage waveforms are generally not in phase (relative to the fundamental and

to each other), and the same for the 5 harmonic current waveforms.

In this reactive load example, we can still use the digital LPF to separate the DC terms

(average powers) form the AC terms of these 5 power components, and do our

calculations in real domain. So, if we use the same processing for active power

calculation as for the resistive load, then we get at the output of the 60 Hz digital LPF the

sum of the average powers for the 5 harmonic power components, as follows.

( ) ( ) ( ) ( ) ( )9

99

7

77

5

55

3

33

1

11
cos

22
cos

22
cos

22
cos

22
cos

22
θθθθθ ⋅⋅+⋅⋅+⋅⋅+⋅⋅+⋅⋅= pppppppppp

out

IVIVIVIVIV
LPF

However, the added complexity here is that for a given reactive load (determined by a

given set of RLC parameters) the voltage-to-current phase shifts are different for different

harmonic frequencies, and the cos(θk) (PF) terms are different for each of the 5

harmonics. This is because the load’s impedance (a complex number) which determines

this phase shift angle is dependent on the load’s reactance (inductive and/or capacitive),

and the reactance is a frequency-dependent quantity (it increases with frequency for

inductance, and it decreases with frequency for capacitance).

So, for the same reactive load, different harmonic frequencies have different PFs, and

produce different proportions of active and reactive power. And, the power triangles are
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different for different harmonic frequencies, all for the same reactive load powered by

this MSW inverter.

In this case of reactive load, the output of the digital LPF is the sum of the average

powers of these 5 power components (including these different PFs). However, we

cannot calculate the individual average powers based on the harmonic power scaling

sequence we’ve used for the resistive load, because this sequence does not consider the

effects of the different harmonic PFs. Depending on the reactive makeup of the load

(which determines the different harmonic PFs), there are an infinite number of solutions

to these 5 average powers. So, it is impossible to find these harmonic average powers

without having detailed knowledge about the load, and another method is needed to

accomplish this. All this applies to the active power measurements for this reactive load

case.

Regarding the reactive power contained in these 5 harmonic power components, we

already know that its average value is zero (no reactive power transferred to the load).

However, one item of interest is the magnitude of the harmonic reactive currents that

circulate between the inverter and the load in the AC distribution section of the RE

system. These currents don’t do any useful work, but they cause additional heating on the

power distribution lines and affect the electronics within the inverter.

…

Twenty Cross-Products (V/I Harmonics of Different Frequencies)

…

3. MSW Source and Nonlinear Load

…

TO BE CONTINUED

APPENDIX A, The RMS Value

The formula for calculating the root-mean-square (RMS) value of any periodic waveform

may be found in many reference textbooks. Here I’ll focus on what RMS means, and how

it can be used in the analysis of AC circuits.

When dealing with AC circuits in their raw form, one is dealing with (mostly sinusoidal)

fluctuating vaveforms, their instantaneous and average values, etc. Some of the raw AC

calculations (mostly of power and energy) are not very intuitive, perhaps because the

voltage and current change directions many times per second, and they require some

degree of mathematical skill.
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So, it would be nice to cast these AC calculations in some equivalent form that does not

deal with these fast-time-varying waveforms. This is done by computing the waveforms’

RMS values. Effectively, when we compute and then describe the AC waveforms by

their RMS values/equivalents, we can leave the AC domain and enter the equivalent DC

domain where the calculations of the power and energy contained in the original AC

circuits are much simpler.

This AC-to-DC-equivalent transformation is possible because the RMS value for any

periodic AC waveform
4
 (voltage, current, sinusoidal, non-sinusoidal, PSW, MSW, etc) is

defined as the effective and equivalent value of a DC waveform that delivers the energy

at the same rate as the original AC waveform
5
. So, for example, instead of multiplying

two periodic time-varying waveforms
6
, and then calculating the average to get the power,

we can first describe each of these AC waveforms by their DC-equivalent RMS value,

and then multiply these two RMS scalars to get the same result (see the calculations in

section I of this writeup).

Or, we may not have to calculate the RMS values for the AC waveforms, because we can

measure them, as follows. If the waveform shape is not known, then we need to use a

“true RMS” (voltage, current, etc) meter that measures the RMS value based on its

definition
7
. If the waveform shape is known, then we can use a meter with the pre-

computed RMS formula for this shape
8
.

As far as the meters, the inexpensive meters’ circuits are designed to calculate the RMS

value for the sinusoidal waveform only
9
, and they make an error when measuring and

displaying the RMS values of non-sinusoidal waveforms. On the other hand, the more

expensive “true RMS” meters correctly measure the RMS values for all waveforms

(sinusoidal and non-sinusoidal), because they perform calculations per RMS definition
10

.

APPENDIX B, Meters: RMS v. AVGREC

RE systems frequently contain voltage (and current) AC waveforms that are nor purely

sinusoidal, and RE system operators frequently use inexpensive voltmeters that may not

be the best possible grade.

When you measure an AC waveform in your RE system, ideally you want the root-mean-

square (RMS) value of this waveform. This is because the RMS value indicates the

waveform’s capacity to transfer heat (or average power) to the load
11

. Thus, the RMS

value indicates the heating potential for appliances in your RE system.

For a periodic
12

 waveform f(t) of some arbitrary shape the RMS value is (T = function

period):

                                                          
4
 Here we are concerned with finite-power waveforms, that deliver an infinite amount of energy with time.

5
 In other words, whose power (as defined by the average value of signal-squared) is the same.

6
 In this case voltage and current.

7
 By squaring the signal, then taking the average value of that, then taking a square root of that.

8
 For example, a meter that uses Vpeak/sqrt(2) for RMS, correct for sinusoidal waveforms only.

9
 Vpeak/sqrt(2), or 0.707*Vpeak.

10
 They typically sample the waveform at high rate, and then calculate the RMS value in digital domain.

11
 The RMS value of an AC voltage waveform is its equivalent DC voltage that sends the same amount of

heat (average power) to a resistive load as this AC voltage waveform.
12

 Note that waveforms used in RE systems are typically periodic.
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This is difficult to implement in inexpensive analog voltmeters most RE owners use.

True-RMS voltmeters (analog and/or digital) that do implement this function are

available, but at much higher cost.

So, instead of calculating the RMS value, the inexpensive voltmeter calculates the

average-rectified (AVGREC) value of an AC waveform, which is much easier to

implement
13

, as follows:

∫=
T

AVGREC dttf
T

F
0

)(
1

The AVGREC voltmeter typically assumes that all waveforms it measures are sinusoidal

(this may not be an appropriate assumption for RE systems), and so it multiplies the

AVGREC value by 1.11 to display the RMS value (of this assumed sinusoidal

waveform)
14

. This works well if in fact all the waveforms the AVGREC voltmeter

measures are sinusoidal.

However, one example where this process does not work well is in a RE system that uses

modified sine wave (MSW) square waveforms instead of pure sine wave (PSW)

sinusoidal waveforms. Note that you’d still want to measure the RMS value of this MSW

waveform to estimate its heat transfer capacity, but you can’t do it exactly with your

inexpensive AVGREC voltmeter that uses the 1.11 multiplication factor.

Let’s say you have an inverter in your RE system that puts out a decent MSW voltage

waveform designed to match the 120V RMS value of a single-phase PSW/grid waveform

(MSW waveform voltage V = 140V, and its duty cycle D = 0.75). MSW inverter

manufacturers typically put out such voltage waveforms.

If you use an AVGREC voltmeter to measure the RMS value of such a MSW waveform

(which we know is 120V), then this AVGREC voltmeter will give you a low reading of

116.55V (3.45V lower than the RMS value of this MSW waveform).

However, if you always use this inexpensive voltmeter to measure such MSW waveforms

in your RE system (maybe because you have this particular MSW inverter in your

system), then you can apply your own multiplying correction of 1.03 to the value

displayed on your AVGREC voltmeter to get the RMS value of this MSW waveform

(116.55 * 1.03 = 120).

Because of the linear scaling of the inverter’s voltage waveform by resistance, this

multiplying correction works for all voltages you’d measure across resistive loads in your

RE system (voltages equal to or lower than the inverter’s output voltage).

                                                          
13

 Because only the signal rectification and averaging are needed. No signal squaring and taking square root

are needed.
14

 The derivation is not given here, but it is based on correcting the AVGREC value to the RMS value for a

sinusoidal waveform.
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It equally works for voltages measured across linear reactive loads (displacement power

factor), as long as there in no distortion in the MSW waveform (no distortion power

factor).

APPENDIX C, Power Usability and Power Rating of MSW Inverters

The basic electric power calculation involves multiplying the instantaneous voltage

waveform by the instantaneous current waveform, both waveforms of the same

frequency. This produces the instantaneous power waveform which has twice the

frequency of the voltage/current waveforms, and is non-negative (it has an average value

> 0 known as the average power). This is true for PSW and MSW waveforms.

If the MSW waveform is applied to a resistive load (for example an electric heater), then

this load can take advantage of the full power carried by this waveform. If however the

same MSW waveform is applied to a load that is designed to run with sinusoidal

excitation at 60 Hz (for example an AC motor), then the effective usable power for this

load is only the power in the 60 Hz fundamental corresponding to this MSW waveform

(in fact the torque components produced by the undesirable higher-order harmonic

currents may act against the torque produced by the fundamental current, and the

harmonic currents may produce excessive heating in the motor’s circuit).

So, the MSW inverter manufacturers have two choices regarding specifying the power

rating for their inverters, both consistent with the maximum current rating of the

inverter’s H-bridge. Choice 1 is to rate the inverters by the average power contained in its

rectangular MSW waveform. Choice 2 is to rate the inverters by the power contained

only in the 60 Hz fundamental corresponding to their MSW waveform. Since the power

rating resulting from choice 1 is greater than that resulting from choice 2, my guess is

that this is the rating that typically shows up on the MSW inverters.
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