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I. POWER AND CUMULATIVE ENERGY

As an introduction to active and reactive power analysis, the three figures below show the

power and cumulative/net energy profiles in a typical household electric service AC

circuit, for three power factor (PF) values, as follows.

• Figure 1: active power (pure resistive load, PF 1.0, current and voltage in phase).

• Figure 2: complex power (resistive plus reactive-inductive load, PF 0.5, current

lagging voltage by 60 deg).

• Figure 3: reactive power (pure reactive-inductive load, PF 0.0, current lagging voltage

by 90 deg).

These power calculations correspond to an AC circuit with: Vrms=120V, Irms=30A.

I consider here reactive-inductive loads (current lagging voltage) for showing these

power and energy profiles. These profiles are similar for reactive-capacitive loads, at

least for showing dependence on PF.

Only linear loads are considered here, and only the displacement PF component is

considered (one due to the phase shift between the sinusoidal voltage and current

waveforms). Non-linear loads (ones that distort the sinusoidal voltage or current

waveforms, and generate additional frequencies/harmonics), and the corresponding

distortion PF component, are not considered at this time
1
.

One sinusoidal AC cycle at line frequency of 60 Hz is shown (period T is around 16.7

msec)
2
. Power in all other cycles is the same. Cumulative/net energy (time integral of

power) that is transferred to the load within the integration period accumulates within

each cycle, and from cycle to cycle. All power profiles begin at the same phase angle to

normalize the plots for comparisons (in reality they would begin with the phase angle that

depends on the PF).

Power is shown in VA. Energy is shown in Joules, but it has been scaled to show clearly

in the figures (the scaling is the same in all figures to allow relative comparison). Power

is in solid line, energy is in dashed line.

Even though the PF range of 1 down to 0 is shown in this analysis (in this case from 0

deg down to 90 deg lagging), I note that in practice typical PF adjustments take place

                                                          
1
 With non-linear loads present, the total PF is the product of the displacement and distortion PFs. This

means that the distortion PF lowers the overall/total PF (PF can only be 1 or less).
2
 Sinusoidal cycle means that the voltage and current are both sinusoidal functions of time (their peak

amplitudes and frequency are fixed). If you start by assuming that the voltage is sinusoidal (a typical grid

and/or generator waveform), then the current must also be sinusoidal. This is because in linear circuits

theory the current is simply the voltage scaled by a complex load impedance Z (Z may be a real resistance

only, or a complex combination or resistance and reactance).
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over much smaller range. For example, in electric power transmission and/or distribution

systems, typical PF adjustments are contained in the +/- 30 deg range, leading or lagging.

Figure 1. PF=1.0

The power oscillates at twice the line frequency (120 Hz), but it is always positive

(energy flows from source to load only). The average value is

WPFIVP rmsrmsavg 36000.130120 =⋅⋅=⋅⋅= .

The energy (time integral of power) is transferred to the load at various rates throughout

the cycle, but the cumulative transferred energy never decreases (it never flows back to

the source).

The (scaled) net energy transferred to load in one cycle is around 3.6E4 J.
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Figure 2. PF=0.5

The power oscillates at twice the line frequency, and it alternates between positive and

negative (some energy is transferred from source to the load, and some energy flows back

from load to source). The average value is WPFIVP rmsrmsavg 18005.030120 =⋅⋅=⋅⋅= .

The energy is transferred to the load at various rates throughout the cycle, and the

cumulative transferred energy sometimes increases and sometimes decreases.

The (scaled) net energy transferred to load in one cycle is around 1.8E4 J (one-half of

what it is with PF = 1.0 above).
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Figure 3. PF=0.0

The power oscillates at twice the line frequency, and it alternates between positive and

negative (as much energy is transferred from source to the load, as flows back from load

to source). The average value is WPFIVP rmsrmsavg 00.030120 =⋅⋅=⋅⋅= .

The energy is transferred to the load at various rates throughout the cycle, and the energy

transferred to the load equals the energy coming back to the source.

The net energy transferred to load in one cycle (and all subsequent cycles) is 0 J.

One thing to note in the above three plots is that the delivery of energy from the source to

the load is always non-uniform with time in this 1-phase system, even in the best-case

condition of PF=1. This is because the 1-phase instantaneous power always fluctuates

with time. In contrast, in 3-phase systems the instantaneous power is constant with time,

and the delivery of energy is uniform. This is one of the advantages of 3-phase power

over 1-phase power.

II. ACTIVE AND REACTIVE POWER

The instantaneous power profiles shown in the three figures in the previous section are

the sums of active and reactive power. For PF = 1.0, total power equals active power, and

reactive power is zero. For PF = 0.0, total power equals reactive power, and active power

is zero. For PF = 0.5, total power is a sum of non-zero active and reactive power

components.

Taking an AC voltage source, and taking its voltage (phasor) as reference, the active and

reactive power comes from decomposing the total current (phasor) that passes through
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the load into its active and reactive components, and then using these active/reactive

current components in active/reactive power calculations.

The active current component is in-phase (0 deg phase difference) with the voltage

phasor. The reactive current component is in-quadrature (90 deg phase difference) with

the voltage phasor, and either leading or lagging by 90 deg. Then, I calculate the

instantaneous power (total, active, reactive) in real domain, to show the rotating phasors’

time histories over one AC cycle.

Below in this section I show six figures related to this active/reactive current and power

analysis. Figures 1a/b and 2 are concerning a parallel RC load with leading PF = 0.5

(capacitive, 60 deg leading), and figures 3a/b and 4 are concerning a parallel RL load

with lagging PF = 0.5 (inductive, 60 deg lagging).

There is not much difference between figures 1a and 1b, and 3a and 3b, respectively. The

“a” figures show the voltage and all three currents, to show the relative phasing between

all these quantities. The “b” figures show just the three currents, to give the plot better

vertical extent and resolution. Essentially, look at the “a” figures only to see the phasing

of the voltage waveform (solid line) with respect to the current waveforms (note that

relative voltage phasing is always 0 deg for its cosine waveform).

Figures 1b and 3b show the total (solid line), active (dashed line), and reactive (dotted

line) current profiles for one AC cycle. Figures 2 and 4 show the total (solid line), active

(dashed line), and reactive (dotted line) power profiles for one AC cycle.

Figure 1a. Voltage and Total, Active, Reactive Currents, PF = 0.5 Leading (Capacitive)
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Figure 1b. Total, Active, Reactive Currents, PF = 0.5 Leading (Capacitive)

Figure 2. Total, Active, Reactive Power, PF = 0.5 Leading (Capacitive)
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Figure 3a. Voltage and Total, Active, Reactive Currents, PF = 0.5 Lagging (Inductive)

Figure 3b. Total, Active, Reactive Currents, PF = 0.5 Lagging (Inductive)
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Figure 4. Total, Active, Reactive Power, PF = 0.5 Lagging (Inductive)

Note the following about these six figures:

• Positive currents flow from source to load. Negative currents flow from load back to

source.

• Positive power means energy flows from source to load. Negative power means

energy flows from load back to source.

• Active current is always in phase with voltage, as it should be. Reactive current is in

quadrature with voltage, as it should be, and is either leading or lagging voltage by 90

deg, depending on the PF.

• At any point in time, total current is the sum of active and reactive currents.

• At any point in time, total power is the sum of active and reactive power.

• Active power is always positive (its average value is > 0). This power component

shows energy delivered from source to the active part of the load, in one direction

only, but at different rates, throughout the AC cycle.

• Reactive power is equally positive and negative (its average value is = 0). This power

component shows energy that cycles between source and the reactive part of the load,

bi-directionally, switching four times per AC cycle.

• The peak value of active power in this circuit is the product of peak voltage and peak

current and PF: 120V * 2  * 30A * 2  * 0.5 = 3600 W.
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• Putting all seven quantities on one graph is very difficult, but these separate figures

(three for leading PF, and three for lagging PF) can be compared to see that the

relationships between the voltage, the currents, and the power components change

every quarter of the AC cycle.

• For example, for the leading PF = 0.5 (capacitive), in the first quarter of the AC cycle,

the voltage is positive and decreasing, the total current is leading the voltage by 60

deg, the active current is positive and decreasing, the reactive current is negative and

decreasing, the active power is positive (active energy flows from source to load), the

reactive power is negative (reactive energy flows from load to source). And so on, for

the other seven cases (three more for the leading PF, and four for the lagging PF).

• For the leading PF = 0.5 (capacitive), in the second quarter of the AC cycle, the active

current is negative, but the active power is positive (somewhat counter-intuitive).

This is because the voltage is also negative during this part of the cycle.

• For the leading PF, active and reactive currents start out flowing in opposite

directions, then switch three more times during the cycle (same, opposite, same).

• For the lagging PF, active and reactive currents start out flowing in same directions,

then switch three more times during the cycle (opposite, same, opposite).

• … and on and on, you can make other similar observations based on these six figures.

Such as, what currents flow in what directions under what conditions, who is

producing and who is consuming reactive power and when, do this analysis for

different load makeup and PFs, etc.

III. CONSIDERATIONS FOR MSW INVERTERS

The active and reactive power calculations in the previous sections are performed for

energy sources producing pure sinusoidal voltage and current waveforms (grid, or pure

sine wave (PSW) inverters), and operating on linear loads (capacitive and/or inductive).

Additional complications arise if the energy source producing the voltage and current

waveforms is a modified sine wave (MSW) inverter.

One way to analyze the MSW impact on active and reactive power is to note that a

square-like voltage and current MSW waveforms may be represented by their Fourier

Series (FS) decompositions into the fundamental line frequency (1
st
 harmonic) plus an

infinite number of higher-order harmonic frequencies (see another writeup on this

website concerning harmonic analysis of MSW waveforms).

In practical analysis of AC power one may limit this FS decomposition to the several

harmonics with a substantial amount of energy, say no less than 10% of the energy

contained in the fundamental. Then, the higher order harmonics containing smaller

amounts of energy would be discarded in the analysis. For example, one could limit the

analysis to the 1
st
, 3

rd
, 5

th
, 7

th
, and 9

th
 harmonics (even harmonics are zero for typical

MSW waveforms with half-wave symmetry – waveforms that are equally positive and

negative).
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Once the MSW voltage and current waveforms have been decomposed into a finite

number of sinusoids kept in the approximation (fundamental plus several higher-order

harmonics), each individual sinusoidal voltage component would be multiplied by each

individual sinusoidal current component, to produce the instantaneous/total power

components. Then, each individual power component would be analyzed for its active

and reactive contents, as in the previous section. Using this approach, many more new

frequencies where power resides would need to be considered (for example, multiplying

sinusoids of different frequencies results in sum and difference frequencies).

As an example, if 5 voltage components/harmonics and 5 current components/harmonics

were kept in the approximation (1
st
, 3

rd
, 5

th
, 7

th
, 9

th
), then there would be 25 individual

instantaneous/total power components. In general, these 25 total power components

would then be decomposed into 25 active power components and 25 reactive power

components, each of these components being the result of multiplying its voltage

waveform by its active and reactive current waveforms.

However, further analysis shows that this space of possibilities can be limited some more,

as follows. Out of these 25 individual power components, 5 are the result of multiplying

harmonics of the same frequency, and 20 are the result of multiplying harmonics of

different frequencies. Then, two different power characteristics are possible:

• For the 5 cases of the voltage and current harmonics of the same frequency (and

different phase in general). The resulting power components are complex (containing

active and reactive power). Average power depends on the phase difference between

the harmonic components of voltage and current, and varies with the cosine of the

phase difference, from Vrms * Irms of these harmonics (0 deg phase difference) to 0

(90 deg phase difference). The 5 frequencies of these power components are twice the

harmonic frequencies for each of the 5 harmonics.

• For the 20 cases of the voltage and current harmonics of different frequencies (and

different phase in general). The resulting power components are strictly reactive (no

active power at all). Average power is 0. The 20 frequencies of these power

components are the 10 sums of the harmonic frequencies plus the 10 differences of

the harmonic frequencies.

Note that both the magnitude and the phase of the FS coefficients forming the FS

decomposition of the MSW voltage and current waveforms would be taken into account

while performing this analysis. Also note that the relative effects of different harmonic

frequencies on the magnitude and phase of voltages and currents would need to be

considered, because we are dealing with frequency-dependent impedance of the C and L

components in the circuit.

On the synthesis side, the total active and reactive power present in the circuit would be

the phasor sums of the individual active and reactive power components (resulting from

this FS decomposition of the MSW voltage and current waveforms). Note that these

individual power phasors would have many different rotating frequencies, for example

twice the harmonic frequencies, the sums of harmonic frequencies, and the differences of

harmonic frequencies.
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So, in comparison with the active/reactive power analysis of the PSW waveforms in the

previous sections, the analysis of the active/reactive power resulting from the MSW

waveforms is more complicated, and it requires keeping track of a large number of

individual power components (magnitude and phase) occurring at different frequencies.

Even then, once the analysis is finished and the active and reactive power in the circuit is

calculated, it is still an approximation dependent on how many FS coefficients/harmonics

were kept in the analysis.

Additionally, this analysis shows that a large number of reactive power components exist

at many different frequencies when a MSW inverter operates even a simple linear

reactive load, resulting in much more reactive power in comparison with a PSW inverter

operating the same load (the situation would be even more complicated for a nonlinear

load). This is not good for the MSW inverter, as all this reactive power re-enters the

inverter’s power stage and on down, possibly causing additional heating, buzzing, etc. An

additional question is: does all this reactive power/energy get dissipated in the

inverter (which would be bad), or does some of it pass in reverse through the

inverter and end up in the batteries (which would be not as bad)?

These analytical conclusions seem to be supported by my experience in operating a

medium-size house refrigerator using a decent-quality 24Vdc-to-120Vac single-phase

2300W (continuous) MSW inverter. This inverter is designed to operate with a floating

neutral (not bonded to ground), and so the neutral currents come back to the inverter. The

fridge includes a 955 BTU/hr (about 280 W) compressor (a reactive inductive load), and

it does not seem to have a PF compensator in it.

This fridge operates ok with this MSW inverter, but the inverter heats up

disproportionately with only about 300 W in sustaining output power measured and

displayed by the inverter (probably active/real power only). The inverter also buzzes

excessively with new frequencies/tones (some harmonics are at audio frequencies),

suggesting that this medium-size AC refrigerator/compressor/motor load may cause these

new reactive power components/frequencies when operated by a MSW inverter, as

indicated by the analysis above.

Additionally, literature documents the impact of the different harmonics, classified as

positive-sequence (for example 1
st
-60Hz, 7

th
-420Hz), zero-sequence (for example 3

rd
-

180Hz, 9
th

-540Hz), and negative-sequence (for example 5
th

-300Hz), on AC motor

circuits, as it causes excessive heating and loss of torque. This is because of the phasing

errors between the different harmonic frequencies and the windings/poles of a N-phase

(N = 1, 2, 3) motor designed to operate with sinusoidal excitation at 60 Hz. This results in

the higher-order harmonics forcing the motor to run at speeds either slower or faster than

the intended 60 Hz excitation, harmonic torque components acting against each other,

and excessive heating. All this may be relevant to the example of this refrigerator

operated by the MSW inverter.
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